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In [1] a correlation method for measuring the velocity pulsations in
stationary plasma flows was described. The magnitude of the pulsations
was determined from the value of the frequency deviation in the spec-
trum of the cross-correlation functions of optical fluctuations at two
closely arranged points along the flow.

In the present work, an attempt is made to justify such 2 method
for measuring the characteristics of turbulence both in plasma and in
any low-temperature gas flows,

1. The effect of turbulent velocity pulsations on the frequency
spectrum of optical fluctuations, We assume that there exists a homo-
geneous isotropic random field M, the elements of which are random
sets of hydrodynamic characteristics of a turbulent flow of incompress-
ible liquid .

We register a field of optical fluctuations N, assuming that N is
the image of the field M for the mapping g; i.e.,

g(M)={g(X) X & M}. (1.1)

Here the element X is a random set,

At the same time the mapping is assumed to be mutually single-
value, That is, if g:M ~ N, then for any o & g (M) there exists only
one element X & M such that g(X) = o (« is a random quantity serv-
ing as an element of the field N),

In this case the field N is also homogeneous and isotropic.

The assumptions formulated above must in fact be kept in mind
for all optical methods of turbulence measurement,

As is known [2], the condition of homogeneity of a random field
indicates that its mean value is constant, while the correlation func-
tion does not vary for a simultaneous displacement of the pair of point
r, and r, in the same direction by the same amount; i.e.,

(N (r)> = const, By (ry, 1) = B (¥ — 1ry). (1.2)

The condition of isotropy, in addition, requires that By(r) depend
only onr = lrl, i.e., only on the distance between the points of ob-
servation, while the spectral density, consequently, would be a func-
tion of only one variable, the modulus of the vector %

o
qx(;«):ﬁ S By (r) sinwrdr . (1.3)
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The three-dimensional spectral density ®( of an isotropic random
field is related to the one-dimensional spectral density Sn( by the
simple equation
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In going over from spatial spectra to time spectra for measurements

at a point we often employ a "frozen wurbulence" model [2-4]. This
means that we assume all time variations of N(r,t) are associated with
the transfer of a spatial distribution of the field with a constant velocity

v. At the same time the transfer takes place without any evolution:

B(r, s =8 —vy, (1.5)
D () = — e W' (), (1.6)

where W(nv) is the time spectrum of the isotropic "frozen" field.

Accordingly, the homogeneous spatial spectral density (for example,
the component Ny of the field) is connected with the time spectrum at
the point 4, lying on the x-axis, by the relation

SNx ) = uW 4 (un). a.m

From the example of expression (1.7) we see clearly that when the
conditions of "being frozen” are not satisfied, the frequency spectrum

at the point will be displaced along the frequency scale and will be
deformed as a function of the transfer velocity for the spatial distribu~
tion of the field.

Therefore, the following step, it seems to us, involves a model
according to which the transfer of the spatial distribution of the field
is carried out without evolution, but with a velocity which varies with
time. In this case

:
N (-1)=N (r— \ v, z> ,
¢

By, t)=<N (x4r, t+1)N(1y, )=

t+T !

:<N (r+1~1— év(i)dt, o) N(rl—}v(i) d, 0>>=

T
=By (r — Sv(r) rlr)
0
i.e., for a "frozen" field moving with variable velocity v(t), the re~
lation
.
By (v, 0= By (r = v d) 1.8)
0

is satisfied, or, for the component of the field along the x-axis, we
have

B(z, )= B (;U—Su(I} zlr> . (1.9)

0
For a homogeneous random field, the integral canonical represen-
tation of the spatial correlation function for the component Ny has the

form
>0

By (r—r1)= S Sy (7) e g | (1.10)
—Co
The integral canonical representation of the stationary random
function Ng(r) corresponds to the following:

Nx("):mzvx‘f- S V() 7 dx (1.11)
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Placing r= S u () dt in (1.10), for the case of a "frozen" field
0
moving with a varying time-velocity, we have at the given point
0 t
2 ) » 7 2n
No()=mpy -+ S % (T)exp(z 23 Su(t) dt) d bv—) (1.12)
— 0
where A =2 1/%,
What is the physical meaning of this expression? If G EER I

u’ (1), where u'(t) is the centered statjonary random function,
[o¢]
¢ 2x . 2
Nx (t) == me -+ 5 v (T) eXP{l g% {(u)t:}- S w’ (t)dtj} d (T) =
N 0

b t
=my —1—;}; vV (g%) Z’j—) exp{i(mat+§ m(t)dt)}d&)o . (1.13)

That is to say, Ng(t) is a result of the frequency modulation of the
random functions &(t) by the random process u(t):

o0
'R
s(t)=m, + S 12 <<%GS) o gltel dawyg - (1.14)
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The latter is interpreted as the component Ny of the field when
the "frozen” field is being displaced with a constant velocity <u).
In the presence of velocity pulsations, it is modulated in frequency.

We rewrite (1.13) in the form

=y | 7 (5onfe [onsf o) 5 -
=y + S v (—Z}il)exp{lz—:- [<z>+a'1}d (‘2%) : (1.15)

Here <E) is the coordinate of the component Ny of the field at the
instant t for transfer with constant velocity; £ is the pulsation of this
coordinate for motion with variable velocity.

To find the dispersion (&2 (t)> we can use the basic formula of
the theory of turbulent diffusion [4]:

t
@0 = 28,0t — 1) Ry (@) dv
0

(1.16)

Here K;(0) is the velocity dispersion; Ry(7) is the correlation coef-
ficient between velocity pulsations at different instants of time.

From expression (1.16) it follows that the amplitude of the modu~
lating function is the mean square velocity pulsation. This means that
the frequency deviation of each elemental harmonic of the process E(t)
can be represented according to the formula

o, == VKu O=ZVEO. .17

Let us consider (1.16) for large t, so thatt > t*, Beginning with
the instant ¥, R, (T) is everywhere approximately equal to zero.

We then have

CE2 (1) = lim 2K, (0) () S Ry (1) dv=1im 2K, (0t .. (1.18)
T—sco b T—00

where e/“’E is the Euler integral time scale.

From (1.18) we find a quantity that is reciprocal to the integral
time scale:

2K, (0) 1 [ UﬁT] . 119)

The first part of (1.19) constitutes the mean-square frequency
pulsation, i.e., the working frequency of modulation. Thus, the fre-
quency of modulation is directly deterrnined by the integraltimescale;

A
Qm=2n T, 5’ = Qm . (1.20)

This has a definite physical meaning, since the magnitude
of the integral time scale can serve as a measure of the longest time
interval during which the spatial distribution of the field on the aver-
age is transferred in a given direction. In other words, it is the max-
imum modulation period.

From relation (1.20) it follows that the larger the integral time
scale, the smaller the working frequency of modulation. In the limit-
ing case, when J = o<, Qg =0. This corresponds to the absence of
modulation (transfer of the "frozen” field with a constant velocity).

Conversely, when &, — 0, @y > =; i.e., whenthe character of
the velocity pulsations approaches white noise, the frequency of mod-
ulation becomes infinitely high.

Thus, the random function Ny(t) carries in itself information about
the turbulence in the form of a modulating function.

Since the modulation index, given by the intensity of turbulence,
is usually much less than unity, it is of interest to consider the FM
(frequency modulation) problem with a small index of one random
process by anothes.

2. Frequency modulation with a small index of a random process
g(t) by the random process u(t). We assume that there exists a station-
ary random function &(t) specified in the canonical representation:

o

e=m,+ { V@ etdo. @.1)

—
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For the sake of simplicity, we set mg =0,

We transform the process £(t) in such a way that the process u(t),
being also a stationary random function, would be the modulating
function with respect to the frequency.of each elemental harmonic of

&(t).
I u@)= EV (Q)e??, while <u{t)>= 0, the frequency of each
5)

elemental harmonic of the process &(t) varies according to the law

oL(t)=w;+ D}V (@) %
Q

The elementary function assumes the form

1 i
yi =V (@;) ¢S S ©; () dt + iV (@;) sin S 0 (1) dt =

0 0
2.2
=V (wj) exp {15 o) (t)dt} 2.2)
0
or
t
y; =V (0j) cos [mg 4 QEV e dt]—|—
0 Q
1
+ iV (0j) sin [(J)J'l + SZV (@ 2 dt] —
0 Q .
=V (®;) cos [co, 2 ) P ]
S @
V(Q)
+ iV (wj) sin [m] ( mt] . 2.3)
Finding the cosine and sine of the sum, we obtain
yi =V (©;) {cos ®;jt cos E Beml — sin w; ¢ sin E ﬁem?.l +
Q Q0 =
+ iV (©)) [sin wjteos™ Bl L cos@j ¢ sin \1 ,3&’“ ] .
o
For small 8 we obtain
y; =V (o) [cos Wt — Z ﬁemt sin mjt] +
Q
-+ iV (g) [sin ot + ) pe'? cos co,-t} . (2.4)
Q
We sum over all elemental harmonics:
o0 @
z (t) = S V () cos ot d@;— S V () Z Bei sin wjt do; +
o —00 Q
% %
+ S iV (w;) sin ot dw;j +- S iV (©3) 2 B cos @t doj =
—C0 —0

o N '. . .
= S V (o)) e doj + 3 V(coj)Eﬁemie‘m‘ doj=
—0a £93

—_—C0

23(”_’_2519:8“_80[ 2 zﬂt}:
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(2.5)
=e () [1+u*@®)]
Consequently, frequency modulation with a small index of one
random process by another yields the product of two random functions.
3, The statistical spectrum of the record of optical fluctuations at
a fixed point. We rewrite (2.5) in the form

W=2ZWew,

where Z(t) = 1 + u¥(t).

If the processes Z(t) and &(t) are independent, as is well known
[51, the correlation function of the product of these random processes
equals the product of their correlation functions; i.e.,

Kyn ()= zz {v) K. (T) ) 3.1



where
Ko(vy=M{l+u® U+ uw )]} =
= M {1+ w* () F o () F e (Hutx
Xy =1+ Kowr (T)

for
Mu* () =M ) =0, ¢=1t41.
Thus,
Kxx (T) = Kza (‘IT) + Ku*u* (T)KEE (T) * (3.2)
Hence,
1 ®
8, (0) =5, (©) + — 3 Sy () S, (0 — Q) dQ. (3.3)

00
We assume that the functions of the spectral density of the processes
&(t) and u*(t) have the form of Gaussian curves; i.e.,

1 [ (0 — <w)y)?
S (W)= e exp— 5\ § . {0) =
c.( ] 5, VZ_L CXp ‘L 2Gw~ } i ())

= [ B (3.4)
6o Via 1 SN

Then
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[(0—w)—Q]? ]dQ ) (3.5)
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The spectral density given by the first term of the right-hand side
of (3.5) is maximum for ® = <w> and is symmetric about it.

Let us investigate the behavior of the spectral density given by the
second term of the right-hand side of (3.5) for w close to <w> .

At the point ® = <w) this rerm equals ( <Q» = 0 for the sake of
simplicity)

1 1 2 1 Q2
" SOLQ Ve P [“ 255° } 50 Vin P [" 2_%2—]d9:
o«
S S 21 1 -
= Tnisg0, ‘\ exp | — Q2 Tog? —{-—%‘m—g> dQ = 0 .
—c0

Thus, for © = <@y and w = =, the spectral density given by the
second term decreases to zero.

It is obvious that approaching @=<w> from either positive or neg-
ative frequencies w allows us to obtain the same reduction to zero in
the spectral density.

The first term of spectral density (3.5) is represented in Fig. 1 by
the curve a. The pext term is the curve b,

In Fig. 2 (a, b, c) we have illustrated examples of the resulting
spectral functions (in the order of rising mathematical expectation of
modulating function frequency).

If we take into azscount the fact that the function of spectral den-
sity Sy(w) repeats the law of distribution of the probability density with
respect to frequencies, then the value of the effective deviation Awgg
can be calculated from the formula

| (o—<@)1S(w)do
Aweff = T | (3.8)

S Sy (@) dw

The latrer, in turn, is connected with the value of the mean square
pulsation of the velocity by relation (1.17).

4. Conclusion. Thus, on the basis of the model of a "frozen" field
being transferred with a time-varying velocity, a correlation method
can be used to measure the turbulence.

The modelofa "frozen” field being wransferred with a time-varying
velocity, in the same way as was the first model of a "frozen” field,
is valid in real turbulent media only within the limits of the turbulence
scale. Indeed, within the limitation ] < Ly we can assume that the
velocity at all points of the field is the same and only varies with
time.

However, if, for the realization of the first model, we must re-
sort to method of structural functions, then, in the second model,
their use cannot give the required resuit.

It is not difficult to show that if at the first point we write the
function

X)) =1+ w*x®e(),

while at the second, located by the distance I < L, downstream, we
write

X () =M+ +le(),

then the structural funciion D(x, t) will not contain, in explicit form,
any information about the turbulent velocity pulsations.

At the same time the cross-correlation function, suppressing the
effect of noise, reproduces the required frequency-modulated signal
il

The spectrum of the cross-correlation function contains information
about the magnitude of the longitudinal component of turbulent velocity
pulsations and about the spectra of the random process &(t) being
modulated and the random modulating process u(t),

Thus, the use of structural functions must define more accurately
the boundary of the spectrum of the process being modulated. Hence,
the combined use of structural functions side by side with cross-corre-
lation functions may be advisable.
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